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Fluid-mediated interaction between catalyst particles alone is shown to yield several
interesting and significant phenomena in a catalytic reactor that have been generally
attributed in the past to direct interaction between particles. Thus, collaborative
interaction between particles and the fluid may enhance or abate steady-state mul-
tiplicity, and reverse stability behavior. From the simple setting of a population of
particles in a well-mixed CSTR, it is shown that the catalyst phase in a catalytic
reactor is susceptible to very fine pattern formation in the face of steady-state
multiplicity in single particles, which negates the usual assumption that particles
exposed to a given fluid have identical states. In a reactor such variability in behavior
must be accompanied by a corresponding variability in conversion and selectivity
(in multireaction systems) and may have strong implications for reactor control

strategies.

Introduction

A recent paper has shown that the commonly used pseu-
dohomogeneous reactor model has serious deficiencies
(Ramkrishna and Arce, 1989). It is shown there that the dy-
namic analysis of ‘“‘empty’’ tubular reactors makes essentially
incompatible assumptions from the point of view of the more
general two-phase, heterogeneous reactor model. Since most
dynamic analysis of catalytic reactors in the past has relied on
the pseudohomogeneous model, several interesting steady-state
and dynamic features of packed reactors have remained unex-
plored. The two-phase, heterogeneous model clearly represents
a more rational model with which dynamic behaviors may be
viewed. In this regard, the importance of heterogeneous models
has been long recognized by earlier workers (Liu and Amund-
son, 1962). A very important and interesting attribute of het-
erogeneous reactor models is recognition of the discrete nature
of the catalyst phase. However, that this discrete nature is
permissive of a high degree of freedom for the catalyst phase
as a whole was a possibility not envisaged by heterogeneous
models of the past. It is possible to expect very fine ‘‘pattern
formation’’ in the particle phase as a result of multiplicity of
stationary states of the catalyst particle and mixing effects in
the fluid phase, which a suitably formulated heterogeneous
model should be capable of describing. By pattern we imply
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here that particles exposed to a common fluid znvironment
can assume different states, a possibility not generally enter-
tained in reactor models. This issue is not only interesting from
a theoretical point of view, but also significant from a practical
standpoint since conversion and, even more crit:cally, selec-
tivity in the reactor must depend on the state of the particle
phase.

In addressing the issue of patterns, it is essential to recognize
the discrete nature of the particle phase. The particles may
interact indirectly because of mixing in the fluid phase and
directly because of partial contact between particles. We have
recently reviewed several aspects of incorporating these effects
in reactor modeling (Arce, 1990). Aside from ‘he work of
Schmitz and coworkers (Schmitz and Tsotsis, 1983; Tsotsis,
1983; Brown and Schmitz, 1989), there is virtually no effort
in this direction.

This paper focuses on the analysis of indirect interaction of
catalyst particles in catalytic reactors. We study an isothermal
continuous, stirred-tank reactor (CSTR) with Langmuir-Hin-
shelwood kinetics. Although a relatively simple model, it is
able to show the basic phenomena associated with the for-
mation of patterns that are due to multiple solutions in the
individual catalyst particles. In extending this model to a se-
quence of stirred tanks we will have the “‘cell model”’ ap-
proximation to the packed-bed reactor. Thus the present
analysis may be viewed as a precursor to investigating more

Vol. 37, No. 1 AIChHE Journal



detailed models of the packed-bed reactor that account for the
discrete nature of the particle phase. Therefore, the study re-
ported in this paper lays the groundwork for investigation of
more advanced models within an operator-theoretic frame-
work. We establish here that most of the pathologies attributed
usually to direct interaction models (Pismen and Kharkats,
1968) can be achieved in models with indirect interaction only.
The relevance of the indirect interaction of the particle phase
in reactor analysis was recognized in a study by Luss and
Amundson (1968) in the context of fluidized reactors. How-
ever, the issue of patterns seems to have been overlooked in
their analysis. Our investigation, based on an operator-theo-
retic approach, has the potential to be generalized to include
considerably more complicated models such as the packed-bed
reactor within the framework of particle interactions. We pre-
sent necessary and sufficient conditions for the existence of
patterns as well as of uniform solutions, that is, the case where
all particles have the same state. A linearized stability analysis
is also reported with very general conclusions for reactors
displaying an arbitrary number of particles, N, in the catalyst
phase. The analysis also shows the importance of indirect in-
teraction between catalyst particles (due to mass transfer) to
produce symmetry breaking of uniform solutions. This fact
has not been reported in previous studies (Mankin and Hudson,
1986).

Formulation of the Model

The reactor model can be derived from the general conser-
vation equations, introducing the following assumptions:

1. We neglect thermal effects (isothermal reactor).

2. We assume a well-mixed (reactant) fluid.

3. The reactor is heterogeneous, that is, we distinguish two
phases: the fluid phase and the solid phase; the solid phase is
viewed as an assemblage of discrete catalyst particles showing
the same size, no internal gradients, spherical geometry, and
the same active catalyst.

4. The members of the assemblage are assumed to have
negligible direct contact between particle neighbors; by con-
trast, all interaction between the individual catalyst particles
takes place only through the mixing effects of the fluid.

5. Solid particles are allowed to have different initial con-
ditions.

6. The mass transfer coefficient is assumed to be the same
for all particles and the physical properties are constants.

Many of the foregoing hypotheses are standard assumptions
made in treating, for example, a laboratory reactor used to
determine transport and reaction parameters. The difference
lies in the introduction of terms reflecting the possibility of
patterns. The formation of patterns has its origin in multiple
solutions for catalyst particles. Our analysis will be confined
to isothermal situations in which nonlinear kinetics leads to
multiplicity. This restriction is not necessary for the analysis
(because we are dealing only with ordinary differential equa-
tions) but is useful in order to focus more on aspects of pattern
formation than on the generality of nonisothermal systems.

With these assumptions, the mass conservation equation for
a fluid in a CSTR is:

N
dc,
V,E{ = F(c, = ¢) — Y, knay(cs — ) )

=1
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The mass balance for the jth catalyst particle in the assemblage
is:

dc;
VI,E,L =kpay(cs— ¢) = V,r' () ;

i=1,2 ..., N @

All the symbols used in the model are defined in the Notation.
Suitable initial conditions must be added to Egs. 1 and 2. We
may assume for the reaction term, r’ (¢;), either linear kinetics
(first-order reaction) or nonlinear reaction Kinetics. In the latter
case, for the purposes of illustration, we will use a Langmuir-
Hinshelwood catalytic reaction (Hegedus et al., 1977). How-
ever, calculations may be performed with any other suitable
kinetics for the system such as, for example, the immobilized
enzyme with substrate-inhibited reaction kinetics (DeVera and
Varma, 1979). For our particular choice of Langmuir-Hin-
shelwood catalytic reaction, the mathematical expression for
r' (c;) is given by

@

By defining the following nondimensional quantities,

Vk(T)e t ¢ ¢
Di=—7——5,t=—,x=—, = —
“=Fl+o ) 6," T ¢ T,
P km@ 0y _ Orkmay
FEFCYE Ty % T Ty

the model may be turned into nondimensional variables. The
mathematical model is given by:

dx N
—dt—f= (1—x) — o Y, O~ x) @

j=1

dx; .
E=ap(xf—xj)—r(xj),j=1,2,...,N (3)

The reaction kinetics, r(x;), may assume either the following
linear reaction rate

r(x) = ¢’ (6)

where ¢° is the standard Thiele modulus, or the following
nonlinear reaction rate, which is Eq. 3 conveniently nondi-
mensionalized:

(1 + o)

r(x;) = Da f(x;) = Da a+ a'xj)z

)]

First-Order Reactions

In this section we discuss the linear case of the reactor model;
that is, we consider first-order reaction kinetics. This section
is important for the operator formulation of the model and

Vol. 37, No. 1 99



for relating the extent of indirect interaction to the spectrum
(eigenvalues) of the operator. The spectral properties of this
operator are also of significance to the stability analysis of
steady states to follow.

Operator formulation

Since we have a two-phase system, it is convenient to define
two Hilbert spaces associated with each phase in the problem.
Let H), be the Hilbert space of the catalyst particle phase and
H, be that for the fluid phase. Then the following direct sum
Hilbert space, H (see Ramkrishna and Amundson, 1985, for
a definition of direct sum), is the space associated with the
reactor operator Ly, defined in Eq. 11 below.

H=H ®H, ®

Any vector xeH will have the form

Xl = (x5 xn) = (X7 X1, %2 .

> Xn)

where x.cH; and xyeH,. The index f refers to the fluid and is
not an integer. (Because the fluid phase is described by a simple
concentration, the Hilbert space Hyis the set of real numbers
only. For more complicated models such as a sequence of m
stirred tanks %will be R™, the space of m-dimensional vectors.
H,is clearly R".) The boldface symbol x is to be distinguished
from its component x,. Now we define the following operators:

The fluid operator F such as

F: H~R; xp~ (1 + Noay)x; = ppxs
The solid-fluid interaction operator A:
A: H,—~R; A = — ady-

where 11{{ = {1, 1, . . . 1]eH, and the dot refers to forming the
regular inner product with the vector in A, on which A4 acts.
The particle phase operator Sy:

SN: H""Hp, SN = l’IN

where Iy is the unity operator on H,, v=o,+ ¢2.
The fluid-solid interaction operator B:

B: R—Hy,: B(l) = — a,ly

The action of B on any number, say 83, produces the vector
— a,B1neH,,.

By defining the following perturbation variables, with re-
spect to the steady state x™, xy = xy — x¥ and X; = x; —
X7, we may write the reactor problem given by Egs. 4, 5, and
6 in the following way.

dx -
- = = L 9
dt NX ®
with the following initial condition
x(t=0)=x, (10)
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The matrix reactor operator Ly is defined as follows.

L _[F 4
NT B Sy

where the elements of the (NXN) diagonal matrix particle
phase operator Sy are given by its eigenvalues (o, + ¢%). In the
general case, the elements of the vector of initial conditions,
x°, will not be equal to each other (i.e., x; # x; # ... # Xy
# x7). We will refer to this initial condition as being nonun-
iform.

Inner Product. Let w;, j = 1,2 be two elements of the Hilbert

space H:
u.
w; = [’],j=1,2
Vi

Then the following inner product may be defined for this direct
sum Hilbert space:

an

(W], w2> =upu + 5(‘)19 v2)p (12)
where 6 is a constant to be determined to make the reactor
operator Ly self-adjoint in the Hilbert space /7. The inner
product { , )p in the particle Hilbert space, H,, may be chosen
as the Euclidean inner product. (v;, v¢), = v;-v,.

Self-adjoint Condition for Ly. By using the inner product
given by Eq. 12, it is not difficult to obtain:

{Lywy, wy) — (wy, Lywy)

= (af“ apa)[(lNuh v2)p o (lNu2> vl)p]

The condition to make Ly a self-adjoint operator is that the
previous equation vanish for arbitrary w,, w, eX/. This is pos-
sible by seeking (a;— «,8) =0, which produces the following
result: = ap/ o, Furthermore, the operator Ly is A nonnegative
definite operator. This may be shown by compr.ting

(Lyw, wy = 0’ + a1y — v+ 567113

which clearly is greater than or equal to zero for arbitrary weH.
Furthermore, the spectral theorem (Ramkrishna and Amund-
son, 1985) assures us that the eigenvalues of L, are real-valued
and the corresponding set of eigenvectors is complete. Also,
eigenvectors belonging to different eigenvalues are orthogonal
with respect to the inner product, Eq. 12. Finally, since Ly is
a nonnegative definite operator, the nonzero eigenvalues are
all positive.

Eigenvalue problem

The eigenvalue problem for the operator L, may be written
as

Lyw=Aw
This problem yields the equation
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[_:‘i"f_ e ® 19 + (Se — Mo y=
(im—2) Iy ® 1y) + Sy — N)]V—O a3

where we have used the tensor product notation 1y ® 1y merely
to represent an N X N matrix whose elements are all unity.
The characteristic equation is given by

v = =N =N) (sv=N) - Nogal = 0 (14)

This characteristic equation has interesting properties. We have
a multiple root (for N = 3) which is given by the eigenvalue
of the “‘isolated’’ particle operator

)\j=1’=ap+¢2’ J=23...,N (15)

We also have fwo more roots that are produced by equating
the square bracket term of Eq. 14 to zero. This is a quadratic
equation that admits the following solutions:

v+un

1 )
2 :l:-2—[u2 + ;Lﬁ,— 2v py + 4Nozfc¢‘,,]/2 ,

)\j—_-

j=land N+ 1 (16)

We have assigned j to take values so that the eigenvalues {\;}
areinincreasing order. The quadratic equation yields the smalil-
est and the largest eigenvalue of the operator Ly. All the other
A’s (given by Eq. 15) are sandwiched between these A, and
Av.1- In order to obtain this shape of the spectrum of Ly we
transform the portion of Eq. 14 that yields the quadratic equa-
tion, that is, { ] = 0, as follows:

)\—[I.N _ 012
Nay T A-v an
Setting
A—py
PN\ = No (18a)
I\ = 22 (18b)
A—v

We note that the eigenvalues of Ly (corresponding to the quad-
ratic portion of the characteristic Eq. 14) occur at the inter-
section of ®(A\) and L(\). This function displays only two
branches: L;(A) to the left of the singularity \ = » = «, +
#?),and L,(\) to the right of this singular point. The singularity
of Z(\) becomes an eigenvalue for N=2, and it becomes a
multiple eigenvalue for N=3. A geometrical view of the spec-
trum of Ly is shown in Figure 1. The two eigenvalues yielded
by the quadratic equation (A, Ay, ) are the two eigenvalues
associated with the two-phase, heterogeneous reactor model
without indirect interaction between the catalyst particles (Do
and Rice, 1985).
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Figure 1. Geometrical view of spectrum of Ly for first-
order reactions.

Expansion of the initial conditions

The solution to Eq. 9, in terms of eigenvalues and eigen-
vectors of Ly, is given by

N+1

(1) = ) &, wpyeditw; (19)
Jj=1

where the expansion coefficients, °, w,), are given by the
inner product, Eq. 12. The w(j=1, 2, ..., N+1) are the
eigenvectors of Ly. These can be readily computed as

1
Wi = Cf[ % 4
v - )\j)

where 1,eH), has all its elements to unity, and the ¢; is the Jjth
normalization coefficient given by

, j=1landN + 1
N

1

¢ =,
T
%)

Since Ly is self-adjoint, the multiplicity of the eigenvalue (o,
+ ¢?) is also the dimension of the corresponding eigenspace.
Thus there are (N—1) eigenvectors w; corresponding to the
eigenvalue \; = (a, + ¢%,j = 2,3,..., Ngiven by

J=1land (N + 1).
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0
0
1y
Wy = CN ) NI y Wno1 = Cn-1 —(N=2) s
—-(N-1) 0

where the normalization constants are given by:

1
NEIN- DS+ (N = DB}

1 1
NLTIN- 2+ (N—2%7" 727 Q)"

If we let the initial concentration vector x° in Eq. 9 be or-
thogonal to the eigenspace corresponding to the eigenvalue ),
+ ¢, then we may write

x°,wy=0, j=2,3,...,N. 20)

It is easy to see that the only vector x° consistent with Eq. 20
has all components equal, which corresponds to the situation
where all the particles of the assemblage have the same con-
centration (the uniform initial condition). From Eq. 19 it fol-
lows that if x° satisfies Eq. 20, x(¢) also satisfies Eq. 20 at all
times. Thus if all the particles have initially the same concen-
tration they retain this uniformity at all times. (That this is
also true of the nonlinear case can be established relatively
easily). Alternatively, we reach the important conclusion that
a pattern (of nonidentical concentrations) is associated with
initial concentration vectors containing components in the space
spanned by w;, j = 2, 3,. . ., N. The reactor model discussed
in this paper a priori admits this class of initial conditions.
Other limiting cases may be derived following a strategy similar
to the one previously published by Arce and Ramkrishna (1986)
and Ramkrishna and Arce (1988, 1989). We prefer here to
discuss the issues related to nonlinear kinetics and those as-
sociated with pattern formation.

Nonlinear Kinetics: Steady State Analysis

In this section we discuss the issues related to the stationary
solutions of the indirect interaction reactor model when we
have nonlinear reaction kinetics. We will be concerned with
the steady state solutions of the reactor containing an arbitrary
number N of particles; such steady states will include both
uniform (patternless) solutions, and patterned solutions. More
specifically, it will be of interest to establish conditions under
which uniform or patterned solutions will manifest. We will
illustrate the results of our analysis with examples of reactors
containing a few catalyst particles in the system. However, we
will also address how the situation would change when the
system displays a larger number of catalyst particles.

Steady state of the assemblage

We begin by obtaining the steady state equation for the
model of Eqgs. 4 and 5. If we drop the time derivative of these
two equations we obtain:
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1
s Wy = CZ -1
0N*Z
l N
—(1-x) = Y, (%, — X)) @1
ar j=1
o . ‘
Bﬁ(xf—xj) =f(x), j=12.. ,N (22

where f(x;) is the Langmuir-Hinshelwood kinetics given by Eq.
7. Equation 21 may be transformed to yield the following
relation:

By defining the following two functions

1
D(xp) = ~ NE} + [1 + '—-—] by (23)

j=1
the steady state equation of the model may be written as follows

D(xp) = Xk(xp), k=1,2,...., M, (25)

The reactor steady states are located graphically from the in-
tersections of D(x;) and X5 (xp) plotted vs. x5 In Eq. 24, M,,
represents the number of distinct combinations of catalyst
particle states that influence the fluid-phase concentration; it
must clearly depend on m, the number of steadv states possible
for the isolated particle. It must be borne in mind that there
are many more than M,, combinations of actual catalyst par-
ticle states but they need not all be considered because the
fluid phase does not distinguish between particles of the same
state. This is an aspect of the inherent symmet-y of the system
that makes possible the application of group-theoretic methods
in the analysis of this problem. However, we deter such features
to a later paper. The value of M, can be shown using com-
binatorial arguments to be

=(N+1)(N+2)... N+ m—-1)

M (m-1!

(26)

Equation 24 represents M, curves, which we shall refer to as
branches. The reactor steady states are obtained by the inter-
section of the line, Eq. 23, with the family of curves, Eq. 24.
For example, for a reactor with two particles (V= 2) with three
possible steady states for each (i.e., m1=3), Xq. 26 yields six
branches of curves in the family of Eq. 24. For three particles
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Figure 2. Shape of function D(x,).

the maximum number of branches from Eq. 26 is ten; Figure
4.

The main features of the function D(x,) are shown in Figure
2. Clearly, it is a straight line with a positive slope given by
(1+1/Nay). It has a pivoting point at (1,1) and it has two
asymptotic lines: a 45° line (for N = o) and a vertical line
(N = 0) passing through the pivoting point (1,1). These two
asymptotes jointly with the axis D{(x;) =0 define a triangular
region that is the domain of feasible steady state solutions to
Eq. 25.

Since the function /\-’fv(xf) is computed from the concentra-
tion values (x;) associated with the individual particles, it is
convenient to study the mass balance of the jth particle, which
is given by Eq. 22. This equation may be rearranged to give

X =Glx), 0=1,2,...,N

where G(x;) = x; + (Da/oy)f(x;). The equation written
before may be solved (inverted) for any fixed value of xs (0,
1). Let us denote this procedure by X (x;) =G~ ! (x7). Itis useful
to distinguish two possible graphs of the function X (x;) as
they are shown in Figures 3a, b. The shape of X (x;) displayed
in Figure 3a is a single-valued function of x;. In this case the
catalyst particle (in ‘‘isolation’’) is able to show only one con-
centration value, x;, for any given value of the concentration
of the fluid, x}. The case shown in Figure 3b corresponds to
a multivalued function X(x) for a certain range of the con-
centration of the fluid (x;, x,). We let x, be the particle state
in fluid of concentration x;, and x,, be the particle state in fluid
of concentration x;. It is the circumstances in Figure 3b that
provide for the possibility of patterns. Interestingly, Eq. 24
merely calculates (for each x) an arithmetic average of the
different particle steady states.
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Figure 3. Graphs of function X{(x,).

It is clear, now, that the portrait shown in Figure 3a can
only display uniform steady states since a particle can only
have a single steady state for each x,. In this case we obtain
X’,i,(xf) = X (x,), which implies that the graph of the function,
Eq. 24, is given by the graph of X (x;) itself.

Examples. For illustration of the case of Figure 3b we present
calculations for three particles (the number of particles places
no severe burden either on analysis or computation) in which
the particle states are tagged 1, 2, and 3 distinguished by dif-
ferent pattern symbols as shown. The physical and kinetic
parameters in these calculations are chosen to be realizable in
an experimental reactor such as Carberry reactor. For three
particles Eq. 26 yields the number of branches as ten. Table
1 presents the number of particles N,, N,, and N; with steady
states 1, 2, and 3, respectively. Figure 4 shows the same in-
formation with pattern symbols. Beside the uniform states (1,
4, and 10), we also have seven nonuniform configurations.
Figure 5 shows the calculation of X% (x) (k=1,2,...,10)
from Eq. 24. We use dashed lines (2, 3; 5-9) to indicate the
nonuniform branches and continuous lines (1, 4, and 10) to
show the uniform stationary branches. As observed earlier,
the steady states of the model will occur at the intersection of
the line D(x,) with X%(x;), k = 1,2, ... 10. For example
Figure 5 illustrates two possible cases of stationary solutions
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Table 1. Configuration of Reactor States for the
Three-Particle Problem

N, N, N; X5
0 0 3 1
1 0 2 2
2 0 1 3
3 0 0 4
0 1 2 5
1 1 1 6
2 1 0 7
0 2 1 8
1 2 0 9
0 3 0 10

for the ratio Da/a,=0.048: The function D(x) with a,=1/
3 shows only one steady state (branch 10, a uniform stationary
state), but for a,=1/2 branches 1, 2, 3, 4, and 10 yield Sfive
steady states. Note that branches 2 and 3 are nonuniform while
1, 4 and 10 are uniform configurations. In a later section
stability analysis is performed to determine which one of these
solutions is stable. By following a procedure similar to the case
N=13 we can compute the function X}"V(xf)(k =1,2,...,
M,,) for any arbitrary number of particles in the reactor model.
The three uniform branches are obtained for any number N
of particles. However, the number of nonuniform branches
will increase considerably (M, — 3) as we increase the number
of particles in the assemblage. This fact implies that the number
of dashed lines—of, for example, Figure 5 —will increase (as

@
@9 @g/

Figure 4. Configurations of stationary states for N=3.
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N increases), packing the space between the lower and upper
uniform stationary branches. From this represen:ation, it is
clear that small perturbations of the steady states should be
enough for the reactor to change from one state to another.
As the number of particles increases the intercept of D(x;) on
the D axis changes from — [1/(Nay)] to zero. Thus all possible
solutions will be located in the feasible regicn delined by the
triangular region with sides given by asymptotes V = o and
N = 0, and the axis D(x;) = 0.

In the following sections we discuss some general conditions
governing the steady state structure of the systern for an ar-
bitrary number of particles.

Uniqueness conditions for uniform states

In this section we present the necessary and sufficient con-
ditions under which a unique uniform (or, alternatively, pat-
ternless) solution exists. The result is obtained by a simple
extension of the analysis reported by Luss (1971} for the case
of single-particle analysis and homogeneous CSTR. Following
Luss we define the function F(x) by

the uniqueness condition is expressed by either of the condi-
tions

M,<F(x) , M,>F(x) @n

7

/

.

QV

Ry

Q=1/3

l "
{ L/
Xf o Xf .

Figure 5. Steady state structure of model for three-par-
ticle system.
Da/e,=0.048, a,=1/3, a;=1/2
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where x and x are the roots of F’ (x) =0 given by

and the parameter M, is defined by

ap M,
M, = =
¢ Da(l + osN) (1 + ayN)

Conversely multiple uniform solutions exist if and only if
F(x)<M,<F(x) (28)

Note that under this condition, Eq. 28, patterned solutions
may also coexist although it is not necessary that they do so.
However, the issue of patterned solutions will be discussed
more fully in the next section. For the present we illustrate the
consequences of the conditions of Egs. 27 and 28.

The effect of the number of particles N on the behavior of
the assemblage is better illustrated in Figure 6. In this figure
the isolated particle shows only unique solutions (for each
concentration x; of the fluid, as for example in Figure 3a) but
the assemblage displays a variety of behaviors. For example,
where N = 1 and N = 19 the collection of particles shows

N=19
I

m
[ Is xg 1

o
[

Figure 6. Reactor multiplicity when all particles in iso-
lation show uniqueness of steady states.
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unique solutions. However, for N = 5 the assemblage inter-
estingly shows multiple solutions while the isolated particle
only displays unique steady states. Note that while an increase
from 1 to 5 in the number of particles has promoted multi-
plicity, a further increase from 5 to 19 has eliminated multi-
plicity. The foregoing considerations should dispel a prevalent
notion (although not often expressed) that if the catalyst par-
ticles in a reactor have unique steady states the reactor should
also have a unique steady state. Figure 5 shows the circum-
stances for the assemblage when the single particle exhibits
multiplicity, Figure 3b. For three particles, branches corre-
sponding to patterns have been identified in Figure 5. Varying
ayfrom a value of 1/3 at which a unique steady state is exhibited
by the assembly, multiple uniform and patterned steady states
totaling five (the fifth not in range in the figure) are obtained
at oy = 1/2, while oy = 1 produces only muitiple uniform
steady states. Clearly, further increase in ay would produce a
unique steady state in the assembly. Again the above instances
dispel the viewpoint that multiplicity in catalyst particles should
promote multiplicity in the reactor. Another interesting point
to be made is that when multiplicity occurs in the assembly
with patterns, there is a maximum of three uniform steady
states, sometimes with two lying along the same branch of
uniform solutions (such as 1 or 10 in Figure 5). This occurs
when the particle steady state is between x and x, or between
x and Xp.

Conditions for the existence of paiterns

In the previous section we established necessary and suffi-
cient conditions, Eq. 27, for a unique steady state of the system.
When the above conditions are violated multiple solutions must
exist. Such multiplicity may provide for either uniform solu-
tions or patterned solutions. In Figure 4 we have seen a diverse
variety of patterns numbering seven for the three-particle as-
sembly. We seek to determine conditions under which each of
the above patterns may come to exist. Recall that the patterns
are recognized by dashed curves in Figure 5, which are obtained
by summing integral multiples Ny, N,, N; respectively, as shown
in Figure 3b or from the expression in Eq. 24. The strategy
for the existence of patterns follows very much that of the
existence of uniform solutions in that a substitute must be
found for the function F(x) used for the latter. For the kth
pattern in an N-particle assembly we define the function (fol-
lowing Eq. 25).

Xp— qu(Xf)

=, 9)

Ff(x) =

Since the steady state for the kth pattern is obtained at the
intersection of the curve of Eq. 29 with [1/(«aN)], we obtain
the following criterion for the existence of the kth pattern

FX(xp)= &%—v <F* (x)) (30)

Condition 30, which was obtained by recognizing that the
values of F* (x;) must lie between its value at x , and Xy, is in
fact the necessary and sufficient condition for the kth pattern
provided it is strictly monotone in the range between x , and
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x;. If, however, the kth pattern has an interior extremum
represented by the condition

dF*
d_Xf (x) =0 3D

for some x;, condition 31 leads to

v N N,

2 + 3
- ’ 2) / 3)
P p

(32

which follows from Eq. 29. Note that Eq. 32 does not contain
a term for steady state 1 because N, =0. Condition 31 or 32
is realized at two points x§ and x§ (the superscript signifying
a branch k of the assembly) at which the line representing
D(xy) is exactly tangential to the curve X’,ﬁ,(xf). Now if the kth
pattern satisfies condition 31, condition 30 becomes only a
sufficient condition for its existence. This sufficiency can be
further improved by the necessary and sufficient condition for
the existence of the kth branch given by

1 ]
F(x§) = N <F*(x§) (33)

A particularly interesting fact to observe is that when Eq.
31 is not satisfied the kth branch will have a unique repre-
sentative. On the other hand, when Eq. 31 is true, multiplicity
develops on this branch itself. Thus there are fwo solutions
for this pattern branch. (Note that each branch lies strictly
between x ; and X, terminating at those end points except for
the uppermost branch, which extends beyond x;, and the low-
ermost branch, which extends to the left of x ) The range in
Eq. 33 for the parameter [1/(aV)] can be further narrowed
to identify the region of multiplicity on this branch. The result
is either of the following

1
— = Fk(x)

Fr(x*k
«h =5

A

€2

F*(x)

A

Ky ok
N = F*(xy7)

Figures 5 and 7 provide a demonstration of the different
circumstances under which the kth pattern will manifest. For
a three-particle assembly with 0" = 35, M, = 11.8, inequality
30 becomes 0.3944 <wy=0.6179. In Figure 5 we clearly en-
counter for ay = 1/3 both a violation of condition 30, and
the absence of the pattern for k= 2. On the other hand, for
ay = 1/2, condition (30) is satisfied for k=2 and the existence
of the kth pattern is confirmed in Figure 5. Figure 7 is con-
cerned with a two-particle assembly and the existence of the
branch marked as 4 for which condition 31 holds. Inequality
33 then becomes 0.889 < oy < 0.956. Thus for o= 1, it follows
from Eq. 33 that the kth branch does exist, which is confirmed
by Figure 7. Furthermore, o= 1 satisfies one of the conditions,
Eq. 34, so that rwo solutions must exist for this pattern, which
also follows from Figure 7.
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a8l
X, A9

Figure 7. Multiplicity ranges of («;N) for pattern with
particles at lower and upper steady states
when N=2.

R;: range for existence of branch 4. R,, R;: rang:s where mul-
tiplicity of branch 4 is possible

Clearly, it is now possible to state the condition for any of
the (M,, — 3) patterned solutions to exist as

max F* (%1 (35)
ke(2,3, ..., M, 3}

min F¥ (x) < 1 <
ke(2,3, ..., Mpy—3} arN

If the patterns are numbered in a particular wav—such as,
for example, k=2 for the lowest branch, k=M, ~3 for the
highest branch, Figure 5, (the numbering of branches in be-
tween the lowest and the highest branch is done aréitrarily) —
the left end of inequality Eq. 35 is given by F? (xp and the
right end is given by FM» 3 (/). In a three-particle assembly,
no patterns can be shown to exist for a,=1/3 from inequality
Eq. 35, a fact also borne out by Figure 5. Note that Eq. 35 is
both necessary and sufficient for any patterned solution to
exist. This fact is not totally evident at this point and will be
elucidated during a discussion of the stability of exzch branch.

The communication between catalyst particles through the
mixing in the reactant fluid (i.e., the indirect interaction mech-
anism) described in this paper plays a very impor:ant role in
the behavior of the catalytic reactor. Moreover, the model
discussed here displays all the pathologies usually attributed
to direct interaction between particles. Two additional facts
are noteworthy.

First, the particle assembly can display multiplicity with fluid
environments in which the isolated individual particles will
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have only unique steady states. This may be referred to as
collaborative multiplicity, or more generally collaborative en-
hancement of multiplicity. Second, the assembly may also pos-
sess a unique steady state with a fluid environment in which
the individual particles in isolation may display multiplicity.
This is clearly a situation of collaborative abatement of mul-
tiplicity.

At this stage of our analysis it is very important to note the
relevance of considering the problem of interaction between
catalyst particles in its different aspects independently. We
believe that the investigation of the indirect interaction alone
can be performed for considerably more complicated situations
than in the direct-interaction models. Of course, these remarks
are not intended to deny the role of any direct interaction that
may occur between particles.

The analysis of this paper is based on complete understand-
ing of the steady state picture of the isolated single particle
problem. This understanding is reflected in the use of the
functions X ',{,(xf) (defined by Eq. 24) in Eq. 25. Equations 25
represent M, uncoupled equations each of which may or may
not have a solution. The derivation of Eq. 25 was made possible
because of being constrained to only fluid-mediated interac-
tions between particles. They themselves give rise to individual
bifurcation problems that are somewhat similar to the bifur-
cation problems associated with the single particle. The mul-
tiplicity of the reactor, which is the sum of the multiplicities
of the M,, Egs. 25, can be calculated exactly for any parameter
values using the conditions given by Eqs. 27, 28, 30, and Eqs.
33-36. Note that the inherent symmetry of the problem was
built in g priori in arriving at the individual Eqgs. 25. An al-
ternative approach lies in deriving the reduced bifurcation
equations using group-theoretic methods (Gmitro and Scriven,
1966; Othmer and Scriven, 1971; Sattinger, 1979; Golubitsky
et al., 1988), which do not depend on complete prior infor-
mation on the single-particle problem for an entire range of
fluid conditions.

Stability Analysis

In this section we perform a linear stability analysis of the
different stationary solutions (i.e., uniform and patterned
steady states). The importance of this analysis lies in the fact
that it will determine what kind of patterns will develop when
a uniform steady state becomes unstable. Alternatively, the
linear stability analysis permits us to know the various choices
of the systems when symmetry breaking takes place. Among
the several nonuniform solutions, the system will choose those
patterned states that are stable to small perturbations. The
linearized stability analysis of this system is fairly straightfor-
ward.

Linearized operator L,

We consider the system of equations given by Egs. 4 and 5
together with the reaction rate kinetics given by Eq. 7. For the
purposes of derivation only, we will assume that the N catalyst
particles are located such that there are N, particles corre-
sponding to the steady state ‘‘1’’, N, to the steady state ‘2”’,
and N, to the steady state ¢3’”. The linearized model equation
is written in the same form as Eq. 9. Note that for this form
asymptotic stability is governed by positivity of the real parts
of the eigenvalues. The operator Ly is given by the same matrix
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of Eq. 11 where all operators have been identified earlier, in
the model formulation section. The particle phase operator Sy
is a (N x N) matrix whose diagonal displays the eigenvalues
of the single-part operator. These eigenvalues are given by
v =a, + Daf' (%), k=12,3

where the prime denotes the first derivative of the kinetic
function, f(x), evaluated at the corresponding steady state
X, k=1, 2, 3). The diagonal terms », (k = 1, 2, 3) of Sy in
Ly replace (ozp+¢2) appearing in the original linear operator
for the linear case. The operator L is self-adjoint in H under
the inner product, Eq. 12. Furthermore, unlike the linear op-
erator, Eq. 11, Ly is an indefinite operator since »,s may take
positive, negative or zero values. In what follows the eigen-
values of Ly are investigated. Since the operator Ly is self-
adjoint the eigenvalues are all real and periodic solutions are
prohibited.

As before, let A be an eigenvalue of Ly and w be the cor-
responding eigenvector. The eigenvalue problem associated
with Ly is given by Lyw = Aw. This problem yields the fol-
lowing characteristic equation:

NN [II (v - x)‘”f“’]mm =0 ()
j=1

where

1]

DBn(N)

[w— 98 | EUERN

Jj=1

m m
- a0 E N; H
j=1 k=1,

(v — )\)] (37
k=1,
and m is the number of multiple steady states of the single
particle in isolation. Now Eq. 36 produces two kinds of ei-
genvalues of the operator L,. The roots to the equation
Pn(N) = 0 will lead to all distinct eigenvalues of the reactor
operator L,. The remaining part of Eq. 36,

m

[II (v — M(”f““] =0

j=1

(38)

will produce multiple eigenvalues provided N;=3. The equa-
tion gy(A) = 0 may be written as

d(N) = Z(N) (39)

where we have identified the following two functions

A —
s\ = D) (39a)
@y
N Ny N,

L(\) = + + (39b)

N G N S s Q)

somewhat analogously to the linear case earlier. This situation
represents the general case where all the steady states are oc-
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cupied with at least one particle (i.e., Ny # 0, vk = 1, 2, 3).
Also, this is a nonuniform or patterned steady state since »,
# p, # py. We will later illustrate the spectrum of the operator
L for particular cases such as N= 3. Uniform solutions (which
imply that », = », = »; = v) will also be considered in our
analysis.

Stability of uniform stationary states

The characteristic equation for the uniform case is given by
an equation equivalent to Eq. 14 with (o, + ¢%) replaced by
v, (k= 1, 2, 3) for particular state we want to analyze. As
before, we have a multiple root given by N\, = v (k = 1, 2,
or, 3),j = 2,3, ..., N for the case of N = 3. The other
two extra roots (j = 1 and N + 1) are given by a quadratic
equation that is similar to Eq. 16. In order to proceed further
with the analysis we may use functions 39a and 39b conven-
iently specialized for the case of uniform solutions. The func-
tion ®()) is given

A=y
®(N\) = —— 40
(\) Ne, (40a)
and the function Z()) is as follows
TN = -——1—— k=1,2,0r3 (40b)
N =)’ S

Since the geometrical features of ¢(\) and Z(\) are the same
as those for the linear case, the location of the eigenvalues are
determined as in Figure 1. Of course in the present case, the
two curves may translate (with change in parameters) along
the A-axis to yield eigenvalues that can assume both positive
and negative values.

Uniform solutions clearly exist for the assembly whether or
not individuals in isolation exhibit multiplicity. We first discuss
the stability of uniform solutions when single particles have
unique (always stable) steady states, Figure 3.1a. As observed
previously, collaborative multiplicity of uniform solutions may
or may not exist depending on the choice of parameters. When
there is only a unique steady state it is found to be stable until
(with change is some parameter, say /N or a,) a bifurcation is
reached leading to three steady states, Figure 6. The asymptotic
stability criterion turns out to be

AN

Noy “h

1
[1 + M, ¥ (2)] =1
where ¥ is the steady state of each particle in the assembly.
When there is multiplicity in the uniform steady state of the
assembly X can of course take on any of three different values.
Denoting the intermediate steady state by particles all at state
%,, the ““upper’’ one by particles at state £y, and the ‘‘lower”’
one by particles at state X, their individual asymptotic sta-
bilities are governed by the status of the inequality Eq. 41 with
X substituted by X;, Xy, or Xp;. Arce (1990) has shown that the
uniform steady states corresponding to X;; and X; are always
stable while that corresponding to X is always unstable. It is
noteworthy here that the uniform pattern containing particles
of steady state X; is unstable although the single particle will
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Figure 8. Geometrical view of spectrum of Ly (config-
uration 6) for three-particle problem.

have been stable in isolation with the fluid. Wz will refer to
this as collaborative reversal of stability.

Next, we discuss uniform stationary states that feature par-
ticles with multiple steady states in isolation, Figure 3b. Con-
sider first the uniform steady state of the assembly with particles
at the intermediate steady state (denoted earlier as ‘1>’ as in
Figure 3b), and lie along branch 4 in Figure 5. As the steady
state of the catalyst particle is unstable, the eigenvalue », of
the single-particle operator must be negative. Since from Figure
1 (with », replacing » for this case) the smallest eigenvalue A,
is less than »;, the negativity of », implies that of A;. Conse-
quently, the uniform stationary state of the assemblage of all
catalyst particles at the intermediate state “‘1°’ is always un-
stable. There is thus no collaborative reversal of instability.

We next consider uniform steady states in which ali particles
are at either steady state 2 or 3, Figure 3b, which lie along
either branch 1 or 10 in Figure 5. The asymptotic stability
criterion is given by Eq. 41 with ¥ replaced ty either %, or
fs.

Condition 41 is seen to hold for a uniform steady state along
a particular branch if there is only one such steady state on
the branch. However, when two steady states occur on the
branch then condition 41 is violated for one of them, thus
producing again an instance of collaborative reversal of sta-
bility.

Stability of nonuniform (patterned) states

For any pattern k (see, for example, Figures 4 and 5 for the
three-particle assembly) the distribution of eigenvalues may be
either as shown in Figure 8 or as in Figure 9. Figure 8 represents
a pattern that contains at least one particle at steady state 1
(at which it will be unstable in isolation with the fluid). Since
v, <0, the eigenvalue A, which is necessarily less than », is
also negative. Thus the pattern in question is always unstable.
It is therefore noteworthy that no collaborative effort of par-
ticles with stable steady states (in isolation) can stabilize a
pattern as long as there is at least one other particle in the
unstable steady state. We may refer to this as the infeasibility
of a collaborative reversal of instability.

Figure 9 features the eigenvalues for a pattern with particles
that are stable in isolation either at steady state 2 or 3. The
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Figure 9. Geometrical view of spectrum for patterns
showing particles in lower and upper station-
ary states of the individual catalyst particle
only.

necessary and sufficient condition for asymptotic stability for
pattern k (containing no particles with the unstable state 1)
with N, particles in steady state 2 and N, particles in steady
state 3 is found to be

#N/Olf >1
- 7 =1 (42)
S (%) ! [ S (%) ] !
N2[1 + —Mp ] + N3| 1 + ——_M,,

At this point it is opportune to recall the issue of multiplicity
along a pattern of the type in question. Where there is a unique
steady state on the pattern (as when Eq. 31 does not hold)
condition Eq. 42 is seen to hold (Arce, 1990). When condition
Eq. 31 holds, then multiplicity occurs in the branch and one
of the steady states is unstable because Eq. 42 is violated while
for the other Eq. 42 holds, implying asymptotic stability of
that pattern.

Conclusions

Particles in an assembly behave very differently with respect
to both multiplicity and stability from single particles in iso-
lation. Thus we have collaborative abatement or enhancement
of multiplicity and collaborative reversal of stability of steady
states in the particles. Collaborative reversal of instability can-
not occur (unless possibly some external control measure is
adopted). Coliaboration here refers to mutual interaction be-
tween the particles jointly and the fluid.

The reversal effect on stability is of course attributed to the
fact that the system does not permit the fluid to remain stable
so that the particles (which would have been stable otherwise
in the steady fluid) cannot be stable also. It should be noted
that this phenomenon of reversal of stability occurs even for
uniform solutions so that it is not an exclusive property as-
sociated with symmetry breaking.

The role of single-particle studies in determining reactor
behavior is far more subtle than imagined before. The simple
setting in this paper, although somewhat removed from that
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of an industrial reactor, has some definite implications to it.
In any reactor, one could envisage, locally, a population of
catalyst particles exposed to a particular fluid concentration.
In this connection, the cell model that links several tanks such
as the one analyzed in this paper is an interesting model to
study in regard to the issues generated here.

We have been concerned with raising what we believe to be
important phenomenological issues in reactor behavior. They
point to the strong variability (due to the appearance of pat-
terns) of the behavior of the reactor with respect to conversion
and selectivity in multiple reaction systems. It is most important
to note that we have retained only the models that have been
in common use, introducing no additional attribute such as
direct interaction between particles. All of the phenomena
discussed in this paper arose from fluid-mediated interaction
between particles alone. In unearthing them our analysis has
exploited prior knowledge of the isolated single-particle prob-
lem to arrive at a simple characterization of the steady state
multiplicity and stability of the reactor. When single-particle
information is not available it is probable that a more direct
approach in which use of the symmetry (permutation) group
covariance of the original reactor equation to obtain the re-
duced bifurcation equations is more appropriate.
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Notation
area of catalyst particle

A = solid-fluid interaction operator
B = fluid-solid interaction operator
¢ = molar concentration
Da = Damkholer number
D(x;) = function, Eq. 23
J(x;) = nondimensional kinetic rate function
F = molar flow rate
F = fluid operator
F(x) = function, defined before Eq. 27
F*(x) = function, Eq. 29
H = direct-sum Hilbert space
H, = Hilbert space associated with fluid phase
H, = Hilbert space associated with particle phase
Iy = unit matrix in H),
k(T) = kinetic constant
k,, = mass transfer coefficient
L, = reactor operator in H
M, = constant, defined before Eq. 29
M, = maximum number of distinguishable branches given by
Eq. 26
M, = constant given by M,, = «,/Da
1y = unit vector in H,
r’(c;) = kinetic reaction rate, Eq. 3
r(x;) = kinetic reaction rate, Eq. 7
S = particle phase operator
t = nondimensional time
t’ = dimensional time
u;, u, = vectors in Hy
V = total volume of reactor
Vv, Vi = vectors in H),
w;, w, = vectors in H
X = nondimensional concentration of steady state value
X;, X, = nondimensional fluid concentration at bifurcation points

of isolated particle
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x¥% x§ = nondimensional solid concentration of kth branch at bi-
furcation points

X, X, = nondimensional solid concentration at bifurcation points
of isolated particle

x = vector of concentration values in H
X = perturbation vector of concentration values in H
_ xy = vector of concentration values in /),
X% (%) = arithmetic mean, Eq. 24

Greek letters
nondimensional mass transfer coefficients

ap o, =
= self-adjoint parameter defined by é=0/ v,
L(N) = function, Eq. 18b, 39b
e = reactor void fraction
¢ = Thiele modulus for first-order reactions
& (N\) = function, Eq. 18a or 39a
A, A, = eigenvalues of operator Ly
un = parameter defined by p,=(1+ Nay)
v = eigenvalue of particle phase operator for linear case
v;, v, = eigenvalues of particle phase operator for linearized case
o = adsorption, desorption constant
o’ = parameter defined by ¢’ =cy0
0, = residence time of reactor
Subscripts
f = fluid

J = jth particle, jth eigenvalue of Ly
k = kth steady state, kth eigenvalue of Ly

N = number of particles

o = feed

p = particle
Superscript

k = kth steady state of system, branch of steady states

Inner products

G2
(v)p

inner product in H
inner product in H,

o
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